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SETS WHOSE HAUSDORFF MEASURE
EQUALS METHOD I OUTER MEASURE

Abstract

A set E CR" is s-straight for s > 0 if £ has finite Method II outer
s-measure equal to its Method I outer s-measure. If E is Method II
s-measurable this means E has finite Hausdorff s-measure equal to its
Hausdorff s-content. Here we make a first study of such sets, follow-
ing their 1995 introduction by Foran. Primary facts are proved about
subsets, intersections, unions, and some mappings of s-straight s-sets.
Basic examples of 1-straight and countable unions of 1-straight 1-sets
are constructed from line segments. It is noted that self-similar s-sets
are s-straight. Verifying a conjecture of Foran, the circle is proved to
be the countable union of perfect 1-straight 1-sets along with a set of
Hausdorff 1-measure zero. Such perfect sets are then further examined.
Also examined are subsets of 1-straight sets E' maximal in the sense that
their Hausdorff 1-measure equals the diameter of E.

1 Introduction

In [8], Foran introduced the notion of an s-straight set in R". (See Definition
1.2 below.) A countable union of s-straight sets is then naturally called os-
straight. These ideas were developed further in [2], and here we present a first
study of such sets. In section 2, two criteria for a finite union of s-straight
s-sets to be s-straight are established, and primary facts are proved about
subsets, intersections, unions, and some mappings of s-straight s-sets. In the
first part of section 3, it is noted that self-similar s-sets are s-straight. In the
second part of section 3, basic examples of 1-straight and ol-straight 1-sets
are constructed from line segments, and further results are proved for such
sets. In the first part of section 4, through a detailed construction, the unit
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circle is proved ol-straight as the countable union of perfect 1-straight 1-sets
along with a set of Hausdorff 1-measure zero, verifying a conjecture posed in
[8]. In the second part of section 4, such perfect 1-straight 1-sets are further
examined.

Note that in [3], graphs of convex functions f : [a,b] — R are shown
to be ol-straight. That result is then further extended in [4] to graphs of
continuously differentiable, absolutely continuous, and increasing continuous
functions. Finally, in [5], we prove a general result which implies that every
s-set is os-straight.

Let d be the standard distance function on R where n > 1. The diameter
of an arbitrary nonempty set U C R" is defined by |U| = sup{d(z,y) : z,y €
U}, with [@] = 0. Given 0 < é < oo, let C} represent the collection of subsets
of R" with diameter less than 6.

Definition 1.1 For s >0 and E C R", let
s-mj(E) = inf {Z |E;|° : E C UEl where E; € Cf for i =1,2, }

Define s-mj(E) = s-mi (E) and s-mj;(E) = supsso smj(E). The outer
measure s-m}(E) is constructed by what is called Method I. The outer measure
s-mj(E) is constructed by what is called Method II, and when restricted to the
o-field of s-mj-measurable sets is called Hausdorff s-measure, or H®-measure.
A set E CR" is called an s-set if it is H*-measurable and 0 < H*(E) < oo.

Since for any 0 < a < 8 < oo it follows that s-mj(E) < s-mj(E), we
always have

s-mp(E) < s-mp;(E).

Also, s-mj; is a metric outer measure, Borel sets are H°-measurable, and H*-
measure is Borel regular. (See [7, 2.10.2 (1)], and [10, p. 9 and pp. 26-40] for
details.) This paper studies sets of finite measure for which the last inequality
is in fact an equality.

Definition 1.2 [2/ Define E CR" to be s-straight if
smi(E) = s-mj;(E) < 0.

A set which is the countable union of s-straight sets is called os-straight. When
FE is H®-measurable, we write this definition more cleanly as

He(E) = H*(E) < .
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2 Basic Results

In general, we will consider s-sets in R™ for s > 0, and often only 1-sets.
However, an s-straight set need not be an s-set, as it may have zero H®-
measure. This follows from Theorem 2.1 of Foran, which provides a useful
equivalent definition of an s-straight set that does not require the calculation
of s-m7. Henceforth we will often use this result without reference. We include
the proof for completeness.

Theorem 2.1 /8, p. 733]. Let E C R"™ satisfy s-m3;(E) < co. Then, E is

s-straight if and only if s-m3;(A) < |A|® for each s-m7;-measurable A C E.
This last condition can be written

H(A) < |AP)°.
In particular, sets of zero H®-measure are s-straight.

Proof. (Based on [8, p. 733].) On the one hand, suppose for each s-m3;-
measurable A C E it follows that s-m};(A) < |AJ*. Then

smi(E) = inf{z B B = UE}
> inf{Zs—m?I(Ei) B = UEZ}

2> S'm?I(E)’

s-mjy(E)

v

where the infima are over countable covers {E;} of E. So it follows that
smj(E) = ssmj;(F) < co. Hence E is s-straight. Conversely, suppose s-
mi(E) = s-m}(E) < oo. If there were an s-mj;-measurable subset A C
E such that s-mj;(A) > |A|®, then since s-mj(E\A) < s-mj;(E\A) < s-
mj;(E) < oo, we have

smip(E) = smp(A)+ smp(E\A)
> |A|* + s-mj(E\A)
> smj(A) + smi(E\A)
> smy(E),
contradicting the assumption that s-m}(E) = s-m}(E). o

We can now begin to catalog what s-sets are s-straight. Note that if
A C R" is unbounded, then |A| > M for any M > 0, so the condition
HE(A) < |AJ® is trivially satisfied. Subsequent proofs therefore need only
consider bounded subsets.
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Theorem 2.2 If E CR" and H"(E) < oo, then E is n-straight.

Proof. Let A C E be bounded and H"-measurable. By Theorem 2.1, we
must show that H™(A) < |A|". Denote n-dimensional Lebesgue measure by
A™. By the isodiametric inequality [6, p. 13], we have A"(A) < ¢,|A|™, where
¢, = m/?/2"(n/2)! which depends only upon n. It is well-known [6, p. 13]
that A"(A4) = ¢, H"(A). Thus H"(A4) = 6—1")\”(14) < |A|™, as desired. ]

So, only when s < n might there exist s-sets which are not s-straight, as
in Example 2.3, in which s =1 and n = 2.

Example 2.3 A semicircle E C R? of diameter 1 is not 1-straight, since
HI(E)=1<3% =H'(E).

In [8], Corollary 2.4 appears without proof. For completeness, we provide
two proofs here.

Corollary 2.4 [8, p. 734]. Every H®-measurable subset A of an s-straight
s-set E C R" is s-straight. In particular, intersections of s-straight s-sets are
s-straight.

Proof. Let A C E be H®-measurable. We prove this result in two differ-
ent ways. First by Theorem 2.1, since F is an s-straight s-set, for any H?*-
measurable set B C A C E it follows that H*(B) < |B|*. So, A is also
s-straight. A second, direct proof which does not require Theorem 2.1 is as
follows. By definition, s-m}(E) = s-mj;(E) < co. Since for all U C R" it
follows that s-mj(U) < s-m};(U), in particular s-m}(A4) < s-m};(4) < oo.
For the reverse inequality, since A is H°-measurable, and s-mj(E\A) < s-
m};(E\A) < oo, we have s-mj;(A) = s-m};(E)— s-m};(F\A) = s-mj(E)—
smi (B\A) < smi(A) — (smj; (E\A)— smi(E\A)) < s-mj(4). So, s
mi(A) = s-m};(A) < oo, and A is s-straight. ]

Remark 2.5 We make no further use of the s-mj or s-mj; notation in this
paper.

Corollary 2.6 [8, p. 734]. Let E CR" be an H*-measurable s-straight s-set.
ForaeR" andk >0, let E+a={zx+a:2z € E} and kE = {kx : x €
E}. Then each translation E + a and each dilation kE is an s-straight s-set.
Similarly, rotations and reflections of E are s-straight s-sets.

Proof. By [9, p. 57], for any bounded H*-measurable subset A C FE, it
follows that H*(A + a) = H*(A), |A + a| = |A|, H*(kA) = k* - H*(A), and
|kA| = k-|A|. Since E is s-straight, H*(A) < |A|*. Then H*(A+a) = H*(A) <
|Al* = |A+ al®, and H*(kA) = k- H5(A) < k* - |A|° = (k- |A|)® = |kA]®. So,
E + a and kE are s-straight. The arguments for rotations and reflections of
E are similar. o
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As we will see in section 3, a union of s-straight s-sets need not be s-
straight. However, it is true that an increasing union of s-straight s-sets is
s-straight.

Theorem 2.7 Let each E; CR", fori=1,2,..., be an s-straight s-set.

(i) If By CEy C---, and E = ;2 E; with H*(E) < oo, then E is s-straight.
(ii) The set imE; = Jp—, [ﬂi>k Ei] is s-straight.

Proof. (i) Let A C E be H*-measurable and bounded, and let 4, = AN E;.
Since the E; are increasing, for each k = 1,2, ... it follows that Ule A; C E.
By Corollary 2.4 each Ule A; is therefore s-straight, so H*"'(Uf:1 A;) <
|U%_, Ai|*. Then, since the sequence {Ule Ai}

tinuity of H®-measure we have
0o k k
H(A) = H (H Ai) =H (kliﬂgo UA1> = kILH;oH <H Ai)
k oo
U A4 U A;
i=1 i=1

Since A is arbitrary, F is s-straight. (ii) The second statement follows from (i)
since ;51 £i € ()0 £i € - -+, and by Corollary 2.4 intersections of s-straight
s-sets are s-straight. i

is increasing, by the con-
k=1

s s

= |45

k
Jm U4

i=1

S

~ k—oo

<

Theorem 2.8 employs a standard argument.

Theorem 2.8 Let E C R" be an s-set. Every H®-measurable subset of posi-
tive H*-measure of E contains an s-straight set of positive H®-measure if and
only if E is os-straight.

Proof. Suppose F is an s-set. Then H*(E) > 0. Assume there exists an
s-straight subset Ey of E with H*(Ey) > 0. Let a be an ordinal number,
and suppose for every ordinal number § < «, an s-straight subset Eg C
E\U, s Ey has been chosen with H*(Eg) > 0. If H*(E\Us., Es) = 0, let
Eo = E\Uj-,, Es. Otherwise choose an s-straight subset Eo C E\ s, £
such that H*(E,) > 0. Because H*(EF) < oo, at most a countable num-
ber of nonempty sets E, can exist. Relabeling them as sets Ej, we have
H(E\Uz—o Ex) = 0. Hence, E = [Jp—q Ex] U [E\Upy Ek] is by definition
os-straight. Conversely, suppose E = | J:=, E; where each E; is s-straight. Let
A C E be a bounded H*-measurable set such that H*(A) > 0. Since each F;
is s-straight, by Corollary 2.4 the set A N E; is s-straight for each i. Finally,
because H*(A) = H*(U;2, (AN E;)) > 0, at least one such AN E; C A must
have positive H*-measure. ol
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In general, if finitely many s-straight s-sets in R™ are separated by a large
enough distance then their union will be s-straight. This is roughly because
separation increases diameter but not H°-measure, suggesting Definition 2.9.

Definition 2.9 Let Ey,...,E,, C R". Let d(E;, E}) = inf{d(z,y) : € Ej,
y € Ex}. We say that En, ..., E,, are s-separated if for j,k € {1,2,...,m} we

have
2 s L e .
S lAEL B =Y B
=1

m(m —1) =

Definition 2.10, first appearing in [4], provides another, finer condition
which will also guarantee that a finite union of s-straight s-sets is s-straight.

Definition 2.10 [4] Let Ey,...,E,, € R". We say that Ei,...,E,, are s-
aligned if for each bounded subset A C |J.", E; we have

A]P > JANE].
i=1

Theorem 2.11 Let Ey, ..., E,, CR" be s-straight s-sets. Consider the state-
ments:

(i) E1, ..., By are s-separated.

(ii) Eq, ..., By, are s-aligned.

(i) E =", E; is s-straight.

Then (i) = (it) = (iii). In general, (i) # (i),(i1), and (i) # (i).

Proof. Let A C|J;~, E; be bounded. Write A = |J", 4;, where A; = ANE;
for each i € {1,2,...,m}. Each A; C E; is s-straight by Corollary 2.4, so in
particular, H*(A4;) < |A;]°.

(i) = (it): Now, for each pair (j, k) where j,k € {1,2,...,m} and j < k, we
have d(Ej, Ey) = inf{d(z,y) : * € Ej,y € Ey} < inf{d(z,y) : v € Aj,y €
A} =d(Aj, A) <sup{d(z,y) 1 x,y € A; U AL} = |A; U Ai| < |A]. So, since
m(m—1)

2

the number of pairs (j, k) where j,k € {1,2,...,m} and j < k is
conclude that

, we

Y IANE!* MIAP <Y B
=1 =1 =1

2 s
< m ]Z<;:<; [d(Ej, Ex)]

2 s
< m ;C [d(Aj, Ak)]
< AP,
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where the last inequality follows from the elementary fact that if a real number
|A]* = x satisfies x > y; for each i € {1,2,...,p} then z > %Zle y;. Since A
was arbitrary, E1, ..., E,, are therefore s-aligned.

(i) = (vit): The union E will be s-straight if for each bounded H*-measurable
subset A C E it follows that H*(A) < |A|*. In fact,

H(A) = H° (0 AZ-) < iHS(Ai) < f: |A° < AP,
=1 =1 =1

where the last inequality follows from the definition of s-aligned. Since A was
arbitrary, E = |J~, E; is therefore s-straight.

Finally, Example 3.16 will show that the implication (i7) = (7) fails in general.
Example 4.8 will show that there exist 1-straight 1-sets F4, E5 whose union
is 1-straight, but which are neither 1-separated nor 1-aligned, so that the
implications (ii¢) = (i) and (i4i) = (i%) also fail in general. o

3 Examples of s-straight s-sets

3.1 Self-similar s-sets are s-straight

In [8, p. 736], Foran notes that self-similar s-sets are s-straight. We include
the argument here for completeness.

Definition 3.1 See [6, pp. 119-122] and [9, p. 65]. A function i : R" — R"
is called a contraction if there exists 0 < ¢ < 1 such that for all x,y € R"
it follows that d(v¥(x),¥(y)) < c¢-d(x,y). The infimum of all such values c
is called the contraction ratio for . A function ¥ : R™ — R" is called a
similitude if there exists 0 < ¢ < 1 such that for all x,y € R™ it follows
that d(¢(x),¥(y)) = c-d(z,y). Of course, a similitude is a particular case
of a contraction. A set A C R"™ is invariant for a finite collection of con-
tractions Y1, ..., ¢¥m with contraction ratios 0 < r; < 1 for j = 1,...,m, if
A= U;nzl ¥ (A). In fact, given a finite collection of contractions, there exists
a unique compact invariant set E. If these contractions are similitudes, and
for some t > 0 both H'(E) > 0 and H!(;(E) N¢x(E)) = 0 for i # k, then
we say that E is self-similar. The similarity dimension of this self-similar

invariant set £ is defined to be the unique s > 0 such that Zjll ri =1

Foran’s note in [8] is an immediate corollary of the following theorem of
Bandt and Graf [1].

Theorem 3.2 [1, p. 1000]. If i, ..., ¢, is a collection of similitudes, s is the
similarity dimension of the associated compact invariant set E, and E is self-

similar (though not necessarily an s-set), then for any H*-measurable subset
B C E, it follows that H*(B) = HZ (B).
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Corollary 3.3 [8, p. 756]. Self-similar s-sets, where s is the associated sim-
tlarity dimension, are s-straight.

3.2 Constructing 1-straight 1-sets

Since the notion of an s-straight set is recent and no examples exist in the
literature beyond those in [8] and [4], we prove some further results and con-
struct here some basic examples of 1-straight 1-sets in R?. For this purpose
we will need a few standard definitions.

Definition 3.4 A (closed) line segment in R" is the image under an isometry
of a closed (non-degenerate) interval in R. The length L(E) of a line segment
E with endpoints x and y is defined by L(E) = |E| = d(z,y). Following
[12, p. 197], an arc in R" is defined to be the image of a homeomorphism
f:00,1] = R"™. In particular, an arc does not cross itself. A set E C R" is
said to be arc-connected if each pair of distinct points x,y € E is connected
by an arc A = f([0,1]) C E such that f(0) = x and f(1) = y. By definition
a line segment is both an arc and arc-connected. The length of an arc A is
defined to be L(A) =sup>_", d(f(ti—1), f(t;)), where the supremum is taken
over all partitions 0 =t <t; < - - <t, =1 of [0,1].

A well-known fact will be helpful.
Theorem 3.5 [6, p. 29] If A CR"™ forn > 1 is an arc, then H'(A) = L(A).
The following Theorem is basic.

Theorem 3.6 If E CR" forn > 1 is a (non-degenerate) line segment, then
0<|E|=L(E)=HYE) < 0, and E is a 1-straight 1-set.

Proof. Since a set of one or two endpoints has measure zero and does not
affect the calculation of diameter or length, E can be assumed to be closed.
Let n = 1. If E = [a,b] C R, then by the definitions of diameter, length,
and the Lebesgue measure A\(E) of an interval, 0 < b—a = |E| = L(E) =
AME) < oo. Also, for any such F C R it is well-known (see [10, p. 40] or
[6, p. 13]) that HY(E) = A(E). So a line segment (interval) E in R is a
l-set. Let A C E = [a,b] be H'-measurable. Let A be the smallest line
segment (interval) in E containing A. Then H'(A) < H'(4) = |A| = |A|.
Since A is arbitrary, E = [a, b] is 1-straight. Suppose n > 1. A line segment
E C R", as the image of an isometry of a closed interval of R, similarly
satisfies 0 < |E| = L(F) = H'(E) < oo, using Theorem 3.5 for the second
equality. Let A C E be H'-measurable. Let A be the smallest line segment in
E containing A. Then H!(A) < H'(A) = |A| = | A| using Theorem 3.5 again.
Since A is arbitrary, E is 1-straight. Thus any line segment £ C R" for n > 1
is a 1-straight 1-set. o



SETS WHOSE HAUSDORFF MEASURE EQUALS METHOD I OUTER MEASURE9

An easy and intuitive example that shows the union of two s-straight s-sets
need not be s-straight is an angle.

Example 3.7 There exist 1-straight 1-sets Fr, E5 C R? such that E = E{UE,
18 not 1-straight.

Proof. Suppose E1, E; C R? are non-overlapping line segments which share
an endpoint and form a 90° angle. Suppose |E;| = |F2| = 1. Let E = E1UEj.
Then using Theorem 3.6, we have H!(E) = HY(E1) + H'(E2) = |E1| + | E2| =
2 >+/2=|E|. So E is not 1-straight. o

Also, one would intuitively expect the following theorem characterizing line
segments to hold.

Theorem 3.8 A set E C R" is a bounded, arc-connected, 1-straight 1-set if
and only if E is a (non-degenerate) line segment.

Proof. If E is a line segment, then it is bounded and arc-connected. By
Theorem 3.6, it follows that E is a 1-straight 1-set. For the converse, suppose
FE is a bounded, arc-connected, 1-straight 1-set. Let x,y € E, where = # y.
Suppose the arc A connecting x and y is not a line segment. Since A is closed,
there exist points z1, 29 € A such that d(z1, 22) = |A|. Now, 21 # 23 because
|A| > d(z,y) > 0. Without loss of generality assume these points occur on A
in the order x, 21, 22, y. First, suppose both x = z; and y = 25. Because A is
not degenerate, there exists a point z3 € A with z3 # x, z3 # y. Since A is not
a line segment, by the definition of length as a supremum and using Theorem
3.5 we have

HU(A) = L(A) > d(x, 23) + d(23,9) > d(w,y) = [A].

So A C F is not 1-straight, contradicting Corollary 2.4 that an H'-measurable
subset of a 1-straight set is 1-straight. Next, suppose either z # z; (so
d(x,z1) > 0) or y # 23 (so d(z2,y) > 0). Then

HI(A) = 'C(A> > d(zvzl) +d(21322) +d(22ay) = d(xazl) + |A| +d(227y) > |A‘,

again contradicting the fact that A C F is 1-straight. Thus the arc A con-
necting a pair of distinct points in F is a line segment contained in E. Now,
suppose F is not contained in a line. Then, for z,y € E, x # y, there exists
another point z € E, z # x,z # y, which does not lie on the line containing
x and y. Thus there exist two additional distinct line segments contained in
FE, one connecting x and z, and one connecting y and z. These three seg-
ments form a triangle contained in E with vertices x,y, z. But by the triangle
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inequality this triangle is not 1-straight, which again by Corollary 2.4 contra-
dicts the fact that F is 1-straight. So E must be contained in a line. Since F is
bounded and arc-connected, hence a connected subset of a line [12, p. 197], it
is in fact a line segment, [11, p. 38]. Of course, as a 1-set F is non-degenerate.

[

Suppose a set E satisfies H!(E) < |E|, that is, F satisfies 0 < |E|—H(E).
It sometimes also happens that |E| — H'(E) < |A] — H!'(A) holds for some
collection of H'-measurable subsets A C E. If so, these two facts together
imply, for such particular subsets A, that H'(A) < |A|. Although insufficient
to prove that F is 1-straight, this situation is helpful, and Theorem 3.9 specifies
some conditions under which it holds. In Theorem 3.9, the expression A C F
occurs in the form FoU E; C Eqg U Es.

Theorem 3.9 If Ey, E1, E2 CR"”, where Ey is a 1-set, Es is a line segment,
and By C Ey is a nonempty H'-measurable subset, then

‘EO U E2| — Hl(EO U EQ) < |E0 U E1‘ — Hl(EO U El),
or equivalently,
|Eo U Ey| + HY(Eg U Ey) < |EgUEy| +HY(EoU Ey).

Proof. We prove the equivalent statement. Since Ey U FE5 is H!'-measurable
and F; C Fs, we have

HYE UEy) = HY(EoUEy)\(EgUE))+H ((EyUE) N (EyUEY))
- Hl(EQ\(EO UEl)) +H1(EO UEl) (*)

Since Eo U E; C Eg U Ey it follows that both H(Eq U Ey) < HY(Eq U Es)
and |Ey U Eq| < |Eg U Ey|. If |Ey U Ei| = |Ep U Es|, the conclusion of
the Theorem follows. Let K be the closure of Ey U F;. Suppose |Eq U Eq| <
|EoUEs|. So there exists 5 € F>\ K and xg in the closure of EyUF5 such that
d(zg,x2) = |Eo U Ea|. There exists 1 € K such that d(z1,22) = d(K, z2).
Let x} € E, satisfy d(x},z2) = d(x1,22), and let Ea(z),z2) C Eo\K C
E5\(Fo U Ey) represent the open line segment between z} and z3. Note that
H(E2(z),22)) = d(x},22). If on the one hand zy € K, then d(zg,z1) <
|K| = |Eo U E1]. Let x represent either z; or x) as appropriate. Then by
the triangle inequality we have |Eg U Es| = d(zo,x2) < d(zg,x7) + d(z},x2) <
|E0 U El‘ + Hl(EQ(ZC/l,.’EQ)) < |E0 U E1| + H1<E2\(E0 U E1)) So

|Eo U Bs| < |EoU Eq| +HY (Eo\(Eg UEy)). (%)
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If on the other hand zy € E»\ K, then there exists x3 € K such that d(zg, x3) =
d(xo, K). Let 24 € By satisfy d(zg, %) = d(xo,z3). Then with notation as
above, Fs(wg,z5) C Ex\(Eo U E1) and H(Ex(wo,25)) = d(wo,25). Also
d($3,1‘1) S |E0 U E1‘. Note that Hl(EQ(l‘o,l’g) n EQ(%&,QL‘Q)) = 0. Let
x},xh represent x1,x3 or x4, x5 as appropriate. Then |Ey U Es| = d(zg, z2) <
d(wo, 25)+d(@, 27)+d(a], 22) < M (Ea(xo, x5))+ | EoUE |[+H' (Ba (2}, 22)) <
|Eo U E1| + HY(E2\(Eo U E1)). Again (xx) follows. Finally, adding (x)
(written in the reverse direction) to (xx) yields |Eg U Eq| + HY(Ep U E1) <
|Eo U E1| + HY(Eg U Ey), as desired. ]

Example 3.10 shows that Theorem 3.9 does not generalize to arbitrary 1-
straight 1-sets Es. In this and subsequent examples, we use the notation [a, b]
to represent closed intervals in R or on the z-axis in R.

Example 3.10 There exist a 1-set Ey, a 1-straight 1-set Fo, and a nonempty
H'-measurable subset E1 C E5 such that

‘EO UEQ‘ +H1(E0 UE1) > |E0 UEl‘ +H1(Eo UEQ).

Proof. Define Ey, F1,Ey C R as follows. Let Ey = [0,1], E; = [1,2], and
E; = FEy U {3}. By construction Fy is not a line segment. But, Es is 1-
straight since by Theorem 2.2 all 1-sets in R are 1-straight. Theorem 3.9 fails
since |E0 U E2| +H1(E0 U E1) =3+2>242= |E() U E1| + H1<E0 U Eg). ol

Now we prove a geometric condition, interesting in its own right (recalling
the Besicovitch circle-pair [6, p. 40]), for the union of two non-overlapping
line segments in R™ to be 1-straight. Later in Theorem 3.14 we generalize to
the union of m > 2 non-overlapping line segments in R".

Theorem 3.11 Let Fy, Ey C R™ be non-overlapping line segments. Then
E = FE1 U Es is a 1-straight 1-set if and only if an endpoint of Fs lies outside
or on the boundary of the open region R, defined to be the common part of two
open balls each of radius |E1| + |E2| and centered at the endpoints of E;.

Proof. Non-overlapping line segments intersect in at most one point. So
HY(E; N Ey) = 0. Thus, by Theorem 3.6, we have H'(E) = H'(E, U Ey) =
HY(E1)+HY(Ey) = |Eq|+|Ez|. Also, |E| is the distance between two endpoints
out of the four in £; and Fs. So if F is 1-straight, then

HY(E) = |E1| + |Eo| < |E|.

Therefore some endpoint of Fs is at least |Eq|+ | E2| units from some endpoint
of F1, namely outside or on the boundary of R. To prove the converse, assume
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an endpoint of F5 lies outside or on the boundary of R. So |E| > |E1| + | E2|.
Suppose the set £ = E; U Es is not 1-straight. Then by the definition of 1-
straight, there exists an H!-measurable A C E such that H!(A) > |A|. Write
A= A1 UAQ, with A1 Q E1 and A2 Q EQ. Since Al and A2 are then 1—Straight,
if A= A; or A= Ay then H!(A) < |A| is immediate. So assume that each of
Ajq, As is nonempty.

Step (1). By Theorem 3.9,

|As U Eq| + H (A2 U Ay)
|A2 U Er| 4+ H'(A)

|As U A1 | +H (A2 U Ey)

<
< A+ H (AU Ey).

Since by assumption H!(A) > |A|, we conclude
|A2 @] E1| < Hl(AQ U El)
Step (2). By another application of Theorem 3.9,

|E1 @] E2| +H1(E1 UAQ) < |E1 UA2| +H1(E1 @] EQ)
|E| +HYEyUAy) < |EyUAg| + |Ey| + | Byl

Since |Ay U Eq| < H'(A2 U E4) holds by Step (1), we conclude that
|E| < |Er| + [ Ex,

which is a contradiction. So H!(A) < |A| as desired. Since A is an arbitrary
H!'-measurable subset of E, then E is a 1-straight 1-set. o

One direction of Theorem 3.11 does not generalize to arbitrary 1-straight
1-sets E5, as Example 3.12 shows.

Example 3.12 There exists a line segment E1 C R?, and a 1-straight 1-
set By C R? such that a point of Es lies outside or on the boundary of the
open region R, defined to be the common part of two open balls each of radius
|E1| + |E2| and centered at the endpoints of E1, and the set E = FEy U Ey is
not 1-straight.

Proof. Define Ey, Ey C R? as follows. Let Fy = [—/2,0]. Let Ey = {(x,y) :
y =3z and x € |0, i}u [%(2\/§+ 1),v/2]; that is, Ey consists of the interval
[%(2\/5 + 1), /2] together with the line segment having endpoints (0,0) and
(%,@) So, |E1| = |Es] = /2, and the point (v/2,0) of Ey lies on the
boundary of the open region R defined to be the common part of two open
balls of radius 2v/2 and centered at the endpoints of E;. By construction Es
is not a line segment. Let A = {(z,y) : y = 3z and z € [0,1]}. Observe
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thatd( [3(2v2+1), \/‘}):%,/15_2\/‘ ;\/—_M 2172 _ 3

2 = B > 22 = 14 3(v2 - 1) = A+ [[5(2v2 + 1), V|. Then, by
Theorem 2 11 it follows that E2 is 1-straight. T he set £ = F; U FEs is not 1-
straight since every subset of E containing the angle at (0,0) is not 1-straight
by reasoning as in Example 3.7. o

Corollary 3.13 is natural and useful for examples.

Corollary 3.13 Let E = E1 U E5, where E1, E5 are the closed line segments
forming the shorter pair of opposite sides of a rectangle in R* with side lengths
0 < a<b. Then, E is 1-straight if and only if \/3a < b. In particular, the
union of a pair of opposite sides of a square is not 1-straight.

Proof. Note that |E| = Va? + b2 and |Ey| = |Fs| = a. So, by Theorem 3.11
it follows that E is 1-straight if and only if va2 + b2 > 2a, that is, b > v/3a.
]

Since the diameter of a set of non-overlapping line segments is deter-
mined by endpoints, Theorem 3.11 can be restated “Let Ei, EF5 C R" be
non-overlapping line segments. The set £ = F; U E5 is a 1-straight 1-set if
and only if |Ey U Es| > |Eq|+|E2|.” This suggests the following generalization.

Theorem 3.14 Let m > 2, and Eq,...,E,, € R" be non-overlapping closed
line segments. The set E = \J;~, E; is a 1-straight 1-set if and only if for
every subset J C {1,2,...,m} we have

UE| =Y IEI=H1"[E

jeJ jeJ jeJ

If E=\J", E; is not 1-straight, then in particular

Ei| <H! (O E) :
i=1

Proof. Note that by Theorem 3.6 since each E; is a closed line segment, we
have H*(E;) = |E;|. Suppose first that £ = |JI, E; is 1-straight. Then by
Corollary 2.4 for every J C {1,2,...,m} the subset | J,c; Ej is also 1-straight.
So, since the F; are non-overlapping we have

UE|=H"[UE | =D_H(E)=> IE)

jeJ jeJ JjeJ jeJ

m

U

i=1
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To prove the converse, suppose E = (J'| E; is not l-straight. Then by
the definition of 1-straight, there exists an H!'-measurable A C E such that
HY(A) > |A]. Write AN E; = A; so that A =J!, A;. We prove in a series
of m steps for the particular set J = {1,2,...,m} that [J;~, E;| < >.", | Eil.
Step (1): By Theorem 3.9, since Ui;‘61 A; is a l-set, E; is a line segment,
A; C Eq, the E; are non-overlapping, and A = J"; 4; = Ui?él A; U A, we
have

UAiUEl +H1 UAiUAl < UAiUAl +H1 UAiUEl
i#1 i#1 i#1 i#1

JAiuE | +H' (4) Al+H [ A ]| +IE.
i#£1 i#£l

IN

Since by assumption, H!(A) > |A|, we conclude

UAiUEl <H! UAl +|E1|
i#1 i#1

Step (2): By Theorem 3.9 again, we similarly have

U AuBE|uB|+H | | |J AiUE | UA,

1,2 | [i1,2 |
< UAiUEl U Ay +H1 UAiUEl U Ey
1,2 | [i#1,2
so that
U A;UFE| UE, +H1 UAZ +|E1‘
i#1,2 i1
2
< UAiUEl —‘rHl U A; +Z|E1|
i#1 i#1,2 i=1

Using the result of Step (1), we conclude

2 2
U AuvJE|<H' | | 4| +D Bl
1=1 1=1

i#£1,2 i#£1,2



SETS WHOSE HAUSDORFF MEASURE EQUALS METHOD I OUTER MEASUREL5S

Continue this process. At Step (m — 1) we conclude:

m—1

A, U UEZ

=1

m—1
<H'(Am)+ > |Ei.
1=1

Step (m): By Theorem 3.9 a last time, we have

m—1 m—1
U BiUE.|+H' (U EiuAm>
it =
< ||JEuA,|+H (U E,-uEm>
i=1 i=1
so that
m m—1 m—1 m
UEi+Z|E¢|+H1(Am)§ UEiUAm +Z|El|
=t =1 i=1 i=1

Using the result of Step (m — 1), we conclude

m
=1

as desired. o

m

s

i=1

The following equivalence theorem for a finite number of non-overlapping
line segments then holds.

Theorem 3.15 Let m > 2, and Ei, ..., E, C R" be non-overlapping closed
line segments. The following statements are equivalent:

(i) For every J C {1,2,...,m}, we have ’UjEJ Ej‘ > s Bl = H! (UjEJ Ej),
(ii) E1, ..., Ey, are 1-aligned.
(iii) E = \J:", E; is 1-straight.

Proof. The equivalence (i) <= (4i7) follows from Theorem 3.14. The implica-
tion (i) = (4#i7) follows from Theorem 2.11. For the implication (iii) = (i4),
suppose Ei, ..., E,, are not 1-aligned. Then by Definition 2.10 of 1-aligned,
there exists A C (J;", E such that |A| < >°/" | [AN E;|. Write 4; = AN E;
for each i. Let A; C E; be the smallest line segment in F; containing A;.
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So, H! (E) = |A;| = |A;|. Then since E is 1-straight and the E; are non-
overlapping,

4 = U4
i=1
< YAl = = Yo () = (UZ>
i=1 i=1 i=1 i=1
i=1 i=1
which is a contradiction. So E1, ..., E,, are 1-aligned, as desired. o

Example 4.8 will show that the implication (iii) = (i¢) of Theorem 3.15
may fail if the m sets are not a collection of closed non-overlapping line seg-
ments. Now we exhibit three examples of interest. First, Example 3.16 shows
why the converse implication (i7) = (i) in Theorem 2.11 fails.

Example 3.16 Let F1, Ey be closed line segments forming the shorter pair
of opposite sides of a rectangle in R? with side lengths 0 < a < b such that
V3a < b < 2a. Then Ey, FEy are 1-aligned, but not 1-separated.

Proof. By Corollary 3.13, the union E = E; UF, is 1-straight because v/3a <
b. By the implication (iii) = (i¢) of Theorem 3.15 it then follows that Fy, F
are l-aligned. But d(E1, E2) = b < 2a = |E1| + | E2|, so by Definition 2.9 we
see that F1, F» are not 1-separated. o

Each of the next two examples consists of a countable number of line
segments. The idea of Example 3.17 is roughly to push the line segments close
enough so that the union is bounded but not 1-straight.

Example 3.17 There exists a bounded 1-set B C R?, consisting of a countable
sequence of parallel line segments, which is not the finite union of 1-straight
sets. Moreover, B necessarily contains specific subsets of arbitrarily small
H'-measure which are not 1-straight.

Proof. Let B = |JB,,; where {B,, ;} is the countable collection of parallel
line segments described below, numbered such that for n = 0, only j = 1, but
for all n > 1, we have j = 1, ...,2" + 2. Fach line segment is perpendicular to
the unit interval [0, 1] on the z-axis, and has one endpoint contained in [0, 1].
These will be the only endpoints referred to below. Let a, = %3%” so that

S 2%, = 330 (3)" =4 (3—1) = 1. Let each segment B, ; for each
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choice of j have length b,, = 3% The endpoint of the first segment By of
length by is at (0, 0), and the endpoints of segments B 1, By 2 both of length by,
are at (a1,0) and (2a1,0). The endpoints of segments Bs 1, B 2, both of length
by, are at (2a1+as,0) and (2a; +22%az,0). In general, the endpoints of segments
By, 1, By, 2, both of length b,,, are at (2a4 +22a9+- -+ (2" —3)an,0) and (2a; +
22ay+---42"ay,,0). So, |B| = v/2. Finally, for each n > 1 the endpoints of the
2" segments B, 3, By 4, ..., By any2, all of length b,,, are at arbitrary positions
on [0,1] between By, 1 and B,, 2, such that none of the segments B,, ; coincide.
Then HY(B) = by + 2> 00 by + > 00 2", = 142 (% — 1) +3-1) =4
Hence, B is not 1-straight because H'(B) = 4 > v/2 = |B|. For n > 1, let the
union of the n** collection of parallel line segments UQLTQ B, ; = B,. The
outermost line segments By, 1, B, 2 C B, each of length b,, are the vertical

sides of a rectangle of horizontal width 3a,,. Since b, = % = 2a,, it follows
that b, < 3a,, but v/3b, = \/§3in > %3% = 3a,. So by Corollary 3.13, the

set B,1UBp2 C B, is not 1-straight. (That B, 1 U B, 2 is not 1l-straight
also follows from H'(B,, 1 U B,,2) = 2b, = 4a, > V13a, = 1/(3a,)? + b2

|Bp,1 U Bypal.) So By, is not 1-straight. Note that |B,| = v/13a, = @%
and H'(B,) = 3-(2" + 2). For a fixed n there exists a least integer m,, large

enough so that for this m,, (and in fact, for all m > m,,), =— - H(B,,) < | By

) My
Then, m,, > Hlléf‘”) = \/Ll—g(Q” +2). So for each n , if B, is to be contained in
a finite union of 1-straight sets, there must exist at least one 1-straight subset
A such that 0 < H'(A) < |A| < == - H'(B,). But, n — oo forces m,, — <.
So, a minimum number of l-straiéht subsets sufficient to cover |JB, = B
does not exist. Hence B cannot be written as a finite union of 1-straight
subsets. Finally, for any n > 1, any two line segments other than By, 1, By, 2
from B,, each of length b,, are the vertical sides of a rectangle of horizontal
width 2 where 0 < z < 3a,. Let B’ be the union of two such line segments.
Then, H'(B’) = 2b, = H'(Bn1 U Bp2) > |Bni U Byl = /(3a,)? + b2 >
Va2 + b2 = |B’|. So B’ is not 1-straight. Therefore B contains these specific

subsets of arbitrarily small H!-measure 2b,, = 3%, which are not 1-straight. Ml

Example 3.18 makes use of Theorem 2.7, Theorem 3.6, and Theorem 3.14.
The idea of Example 3.18 is roughly to spread the line segments far enough
apart, following the geometry of Theorem 3.11, so that the union is 1-straight
but remains bounded.

Example 3.18 There exists a bounded 1-set B C R?, consisting of a countable
sequence of parallel line segments, which is 1-straight.

Proof. Let B = U;OZO By, where {By} is the countable collection of parallel
line segments described below. Each line segment is perpendicular to the x-
axis and has its midpoint contained in [0, 1]. Suppose {ax}72, is a sequence of
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strictly decreasing positive real numbers such that ZZO:O ar = % Let segment
By have length 2a;. The midpoint of the first segment By of length 2ag is at
(20,0) = (0,0). The midpoints of all other segments By, for k = 1,2, ..., are
at points (xg,0). The z; € (0,1) are increasing, such that for odd k we have
|z — Th—1| = |2pg1 — 2] = /(2ak—1 + 2ax)? — a = ¢((k — 1)/2), where for
convenience we define

C(?’L) = \/(Q(J,Qn + 2a2n+1)2 — a%nJrl = \/(2(12” + 2a2n+1)(2a2n + 3a2n+1)
> 2a2p + G2p41-

Thus, |21 — x| = |z2 — #1] = ¢(0) = x1, and 22 = 2¢(0). In general, for
odd k > 3 it follows that xr = c((k—1)/2) + 22 (k— 3)/2 c(n) and zp1q =
2Z(k /2 c(n). Letz represent summatlon over oddk: > 1. Then, Z/ e((k—

/2 <Z\/m 22 ap—1 +ag) =2y ;o ar = 1. Also,

HY(B) = > 1. 2ar, = 1. We prove that B = | J;- , By is 1-straight by induc-
tion on k. Let £ = 0. By Theorem 3.6, as a line segment By is 1-straight.
Let k = 1. Since ¢(0) > 2ag + a1, then |By U Bi| = /(a0 + a1)? + ¢(0)? >
(CLQ + al) + (20,0 + al) > 2ag + 2a1 = |BQ| + |Bl| So, by Theorem 3.14 it
follows that By U By is 1-straight. As the induction hypothesis, assume that
Uf:ol B; is 1-straight. Suppose Uf:o B; is not 1-straight. Then by the second
part of Theorem 3.14 we have

But, since the ay are strictly decreasing, it follows for odd k > 3 (the case for
even k is similar) that

k

U

i=0

= /(a0 +ar)? + a3

> (ao +ak) + T

(k=3)/2
= (ao+ar) +c((k—1)/2)+2 Y c(n)
n=0
(k=3)/2
> (a0 +ak) + ar-1+ar) +2 Y (22, + azn 1)
n=0

> a0+ + 2ay

= H! (L_kjo Bi> .
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The last inequality contradicts (). So by induction each set Uf:() B; is 1-
straight. Since therefore each member of the increasing sequence By C By U
B1 g Bo UBl UBQ g BO UB1 UBQ UBg Q .- 18 l—straight, by Theorem 2.7 the
union B = (J;~, By, is 1-straight. (For an easy example, choose a; = % - 5r.)
[

In Example 3.18, observe that the midpoints of the line segments are a
set of isolated points {z;}$2,. This is necessary if the countable union of line
segments is 1-straight as Theorem 3.19 shows.

Theorem 3.19 Let E = {x;}32, C R? be the set of midpoints of a countable
collection of non-overlapping line segments {B;}22, C R*. Let B = |2, Bi
and assume H'(B) < co. If B is 1-straight, then E is a set of isolated points.

Proof. Suppose x, € E is a limit point of E. Let By, be the line segment with
length 2a;, > 0 having zj, as its midpoint. Since co > H'(B) = Y o0 (2a;) =
252, a;, it follows that lim; .. a; = 0. Then there exists n > k, correspond-
ing to a line segment B, with length 2a, > 0, such that both a, < %ak and
d(zg, zn) < %ak. So, the maximal distance of an endpoint of B,, from xzj is
d(xg, xn) +an < %ak + %ak = ay. Thus B,, is contained in the open disk with
center z, and radius ay. So, | By U B,| < 2a, = |Bi| < |Bi| + | Brn|. Hence by
Theorem 3.14 it follows that By U B,, C B is not 1-straight. By Corollary 2.4
this contradicts the assumption that B is 1-straight. So, E contains no limit
points, and is thus a set of isolated points. nl

4 The circle is ol-straight

4.1 The quarter circle contains a perfect 1-straight 1-set

In [8, p. 735], Foran describes the construction of a perfect subset P of positive
H'-measure of a quarter circle C' and suggests that P is 1-straight. We prove
that result here, providing a specific construction of P. Note that in R? the
diameter of any closed circular arc of central angle 0 < § < 7 is the length of
the chord between its two endpoints. The H!-measure of a closed circular arc
is just its arc length, by Theorem 3.5. We will also need the elementary fact
that on the unit circle the sine of an angle is half the length of the chord of
twice the angle.

Lemma 4.1 Let C = {(z,y) € R* | z,y > 0 and 22 + y*> = r?} C R? be the
first quadrant quarter circle of radius r > 0. If 6 is the angle between two radii
to points p1 and p2 on C, then d(p1,p2) = 2r sin(g). In particular on the unit

circle, d(p1,p2) = 2 sin(%).
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Proof. Without loss of generality the angle 6 has one ray along the z-axis
and p; = (r,0). Then, po = (rcosf,rsind). By the Pythagorean identity

and a half angle identity, we have d(p1,p2) = \/7"2 sin?@ + (r —rcosf)? =
V21 = cos 0 = /24 /2 sin? (g) = 2rsin (%) . o

Theorem 4.2 The first quadrant unit quarter circle C = {(z,y) € R* | 2,y >
0 and 2> +y?> = 1} C R? is not 1-straight, but contains a perfect 1-straight
1-set P such that H*(P) = % — 1 and |P| = V2.

Proof. The set C is not 1-straight since H*(C) = £ > 2 > /2 = [C|. We
now construct a particular subset P of C. At stage 0 of the construction
remove an open arc of length % from the middle of C, centered about the
point (%, %) Then at stage 1 remove two open arcs of length 1 - 1 from
the middle of the two remaining equal length closed arcs. In general at stage
n of the construction remove 2™ open arcs of length % . 4% from each of the
remaining 2" equal closed arcs of C'. Repeat this process for each n, and call
the perfect set which remains, P. The total arc length of the removed open arcs
85 (24 k) =4 Yo d =L S0 HUP) = F-1>§-1-} >0,
and by the construction, |P| = /2. We claim that P is I-straight. Let
p1,p2 € P, and let C(p1, p2) represent the closed arc of C' between p; and ps.
Let B(p1,p2) = 8= H'[PNC(p1,p2)]. Let d(p1,p2) = d. Then showing that
d > 3 for every choice of p1,ps € P will imply that P is 1-straight, since for
any subset A C C, it is true that |A| = sup,, ,,c4 d(q1,¢2) equals the diameter
of the smallest arc of C' containing A. Let m be the least nonnegative integer
such that p; and ps are first separated by the removal of the stage m open arc
of H!-measure %4%, = W;ﬂ Form = 1,2, ..., let a,,_1 represent the length of
each of the remaining equal closed arcs at stage m—1 of the construction. Then

—l(x _1 —l(z_1_9 1\_ 1 (m_ 1 i

a0—2(2 2),(11—72 (2 5—2 8)—2 (2 1+ 52 ),...,andlngeneral,
- ljz_1ywm-l 1 1 1x 1 p

m—1 = 3 |5 — 5> mo 5| = 55 |5 — 1+ 5=]. Let al,_; represent the

H!-measure of the intersection of P with any one of the remaining equal arcs
at stage m — 1 of length a,,_1. Since by construction the partial sum in the
formula for a,,_1 is that of a geometric series which sums to 2, it follows that
al_| = 3= [3 — 1]. Now, consider the construction within the arc containing
p1 and ps of length a,, 1, at a subsequent stage m+k, for k = 0,1, .... At stage
m-+k, on each side of the arc removed at stage m, there remain 2* arcs. Due to
symmetry, there is a total of 14243+ - -+2F = w representative chords,
meaning we count one chord for each pair of remaining arcs (on opposite
sides) where the separated points p; and ps could possibly be located. The
measure of the radial angle 6 between p; and ps is the sum of the lengths

of the arcs removed by the construction plus the sum of the lengths of the
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remaining arcs, all contained between the endpoints of the chord connecting
p1 and ps. Thus, we distinguish between remaining arcs and removed arcs.
Let 7 represent the number of such remaining arcs corresponding to a chord
of minimum length, that is, one connecting the nearest endpoints of the two
remaining arcs which contain p; and ps;. This minimum length chord will
not in general be the chord connecting p; and po, but is always less than or
equal in length. Note that j depends on (p1,pa,m, k) and j has a minimum
value of 0. At stage m + k, the total number of arcs remaining on both
sides of the arc removed at stage m is 2 - 2¥. Since a minimum length chord
will always miss at least one remaining arc on each side, j has a maximum
value of 2 - 2% — 2 = 2(2¥ — 1). Next, by construction the arcs removed
from between the endpoints of the chord connecting p; and po will always
include the arc of length ?Tlﬂ removed at stage m. The additional arcs
removed at stage m + k will have a combined length which is a multiple
of ¢ - 5zm=r. Let i represent that multiple. Note that i also depends on
(p1,p2, m, k) and ¢ has a minimum value of 0. Since the number of additional
removed arcs doubles at each stage up to stage m+k, while each of their lengths
is quartered, the maximum combined additional length that can be removed is

k
2 3+22 2+ +2° ] o = [Zn:m%} st = [1— 58] gzt =
(4’“ - 2’“) : % . 22,++1 So 4 has a maximum value of 4* — 2%, Thus, in general

at stage m+k, by the calculations above and Lemma 4.1, the minimum length
chord connecting the two remaining arcs which contain p; and ps has length

.1/, 1 1
di(p1,p2) = di = 2sin [5 (J “Umyk (1 + 47) ' 22m—+1>:| :

At stage m + k, the maximum number of remaining arcs associated with the
chord connecting p; and py is j + 2 (the number of those corresponding to a
minimum length chord plus the 2 remaining arcs which contain p; and ps) out
of a total of 2 - 2% such arcs. Thus, at stage m + k, the maximum possible
H'-measure of P between p; and ps is

j+ 2 13 1 1 7w
Br(p1,p2) = Bk = (; .+2k) g = (557 + Q—k) (2—m b - 1D :
Note that for each k& > 0, by construction dy < d and By > [, so that
d— B > di — Br. If we show for any fixed m determined by p; and po,
where ¢ and j are dependent on k, that limg_,oo(dr — Bx) > 0, then we will
have shown that d > 3, as desired. To see this, first note that a1 =
2%2,”% [% —1+2m+;k+1]. Then

.11 /5 1 T 1 1 i
dp —Bx = 2sin |:§ (?W [5 -1+ 2m+k+1:| + 922m+1 (1+ F))]
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1y 1 1 17
(2L — __1}
(G o) (3 5-1)
where 0 < j<202F—1), 0<i<4®-2F andk=0,1,2,....

Observe that, for any p; and po,

o2k -1 1 1
0 < L2201 2(12—)<2 lim (1—>_2,andlikewise

2k 2k k—o0 2k
i 4k -2k 1
b= E<4—k<££&(1—ﬁ):

Replace £ with b, where 0 < b < 2, and replace 4 with ¢, where 0 < ¢ < 1.
Then

d-B = lim (d - B)

. |1 b [m 1+4+c b1 [m
il (281“ {5 <2—+ 71 +QT+>} T3 [5‘4) *)

If b=0, then d — 8 = limy_., 2sin [22},%] > 2sin [22,++2] > 0, since m > 0.
So, assume b > 0. To show that d — 3 = (x) > 0, it suffices to show for m > 0,
independently of the values of b > 0 and ¢, that f(m,b,c)/g(m,b) > 1, where

1 b T 1+c¢ [0,
f(m,b,c) = 25111 |:§ <W [5 — 1:| =+ 227n—-‘,-:l>:| = 25111 |:7:| y

and g(m,b) = 2 7= [£ — 1]. Here 6y, W [Z — 1]+ 55+5. By the geometry
of the construction, the angle 6, satisfies 0 < 6,,, < 721-2}71 . (In fact, although
it is not needed here, the geometry provides a more precise positive lower

bound of 1) For u € (0,3Z5%) = (0,3 5%), it is elementary that sinu >

2 4’!77. ) 2 2 2771
427 gin(Z 54 ) - u. The inequalities below are clear except perhaps for the last
1nequahty Wthh uses the fact that for u > 0 we have sinu > u — g, so that
sinu ) _ % Thus, since ¢ > 0 and b < 2,

f(m7 b,c)/g(m,b)

LI e

vV
wn
—

L — |
e~ o
H
L—
Nl

+
e

/N
N’|,_.
3
N~
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4.2m <7r1> [ 2 1]
= sin|{-— ) |1+ ————

T 4 2m b(m —2)2m
R L. Y P 1
= 7 M\an) | T roe2am

V

1/ 1\ [ 11

1—=(Z=—) |- i
[ 6 <42m> ] i +7r—22m}
Let z = 2%, and p(z) = [1 — g—ZCEQ] . [1 + ﬁ:ﬂ] For z > 0 it follows that
p'(z) = 72—; - #2_2)9: < 0, so p(x) is concave down there. Now p(0) = 1.
; _ g 1 (3.2)% T
Since 7w < 3.2, then p(1) = {1 - %} . {1 + E] > {1 - T} . [1 + 3_272] =
T > 1. Hence p(z) > 1 for z € (0,1]. Therefore for all m > 0 it follows that

f(m,b,¢)/g(m,b) > 1. Hence d — 8 = (*) > 0, so that d(p1,p2) > 3(p1,p2) as
desired. Thus, P is 1-straight. ni

Theorem 4.3 The first quadrant unit quarter circle C = {(z,y) € R* | z,y >
0 and 22 +y*> = 1} C R? is the countable union of perfect 1-straight 1-sets
along with a set of H'-measure zero; that is, C is ol-straight.

Proof. Let A C C be an H!-measurable set with H'(A) > 0. By [6, p. 30],
all the usual results on Lebesgue measure on the line R transfer to arcs such as
C. Let P C C represent the perfect 1-straight 1-set constructed in the proof
of Theorem 4.2. Let ¢ € A be a point of density of A and p € P a point of
density of P. If P, is a congruent copy of P contained in the unit circle and
rotated so that p and ¢ coincide, then A N P, C A has positive H!-measure
(length). By Corollary 2.6, then P, is 1-straight and by Corollary 2.4 it follows
that ANF, C P, is 1-straight, so A contains the 1-straight 1-set AN F,. Since
A is arbitrary, by Theorem 2.8 it follows that C' is a ol-straight 1-set. o

Corollary 4.4 A circle of any radius r > 0 is o1-straight.

Proof. By Theorem 4.3, the unit quarter circle is o1-straight. Hence, as the
union of four unit quarter circles, the unit circle is also o1-straight. By Corol-
lary 2.6 dilations of 1-straight 1-sets are 1-straight, from which the conclusion
follows. 1]

4.2 Other perfect 1-straight 1-sets of the circle

In Theorem 4.2, the perfect set P constructed as a subset of the quarter circle
C = {(x,y) €R* | x,y >0 and 2> + y? = 1} satisfies

0<H1(P):g—1§\/§:|P|.
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It is natural to ask whether given any t € (0, \/5], a perfect 1-straight 1-set
P’ C C can be similarly constructed with H!(P’) = t. Theorem 4.6 answers
this question, in particular providing a construction for the specific maximal
case t = /2. We will use the following fact.

Lemma 4.5 If k,u > 0 such that 0 < u + k < %, then w is strictly
decreasing as a function of u.

Proof. First - (W) = L [u-cos(u+ k) —sin(u + k)] < 0 if and only

if tan(u + k) — u > 0. But & (tan(u + k) — u) = sec?(u + k) — 1 > 0 so that
here tan(u+ k) —u is strictly increasing as a function of u. Since u = 0 implies
0 <k < % and tan(0+ k) — 0 = tan(k) > 0, it follows that tan(u+ k) —u > 0.

sin(u+k)
u

Hence is strictly decreasing as a function of u > 0. o

Theorem 4.6 Let C = {(z,y) € R* | z,y > 0 and > + 4> = 1} C R? be the
first quadrant unit quarter circle. Let r = i and a = %(% —/2). Construct
a set P, C C in the same manner as the set P in Theorem 4.2; that is, at
stage 0 of the construction remove an open arc of length a from the middle of
C, centered about the point (%, \/LE) Then at stage 1 remove two open arcs
of length ar from the middle of the two remaining equal length closed arcs.
In general at stage n of the construction remove 2™ open arcs of length ar™
from each of the remaining 2" equal closed arcs of C. Repeat this process for
gach n. .Call the perfect .1-set. which remains, P, ,. Then P(1/2)[(7r/2)—\/§],1/4
18 1-straight, and is mazximal in the sense that

1 _ _
H (P o) 2)—vE1/4) = V2= 1P 2y /2)— 21,1 /4l

Also, by the continuity of H'-measure, for eacht € (0,+/2] there exists a perfect
1-straight 1-set P' C Py 9((r/2)—3),1/4 Such that HY(P') =t and |P'| = /2.

Proof. Suppose P, , is defined as above. (We will substitute for a and r
later.) By construction, P, is a perfect 1-set and | P, .| = V2. Notation here
follows that of Theorem 4.2. Making the substitutions » > 0 and a > 0 into
the expressions in the proof of Theorem 4.2, we have for any m, determined
by p1,p2 € Py, and any choice of j and ¢* (bounded as indicated below),

d, — Bk
1/ 1 [n a a(2r)m it
= 9 - ( n 1 * m
Sm[Q <2k2m+1 [2 T el IS

(1 1N\ (L[r here
92k "ok J\om |2 1-27]) OO
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2r
1—2r

k
0 < j<22"-1),0<c" <) (2)" = (1—(2r)"%), k=0,1,2,...
n=1

As in Theorem 4.2, since
i 202F-1) 1 _ 1
<L <22 ) - )< ——) =
0< oF = oF 211 oF 2. khj& 1 ok 2,
replace 5% with b, where 0 < b < 2. Observe that

2r 2r 2r
1— (2r)F) < 1i 1—(2r)F) = )
< g (0 ())<= lim =1 = (20)7) = 7,

d—p = kli_)ﬂgo(dk — Br)
. 1 b T a o m
= kli)n(}o (2s1n [2 <2m+1 [2 - 1—27"] + (14 cMar
b1 [m a
Sy ly " 1o9| ) ™
22 2 1-—2r
If b =0, then d — 8 = limg_,o 2sin [%(1 + c*)arm] > 2sin [%rm] > 0, since
a,r > 0 and m > 0. So, assume b > 0. To show that d — 3 = (x) > 0, it

suffices to show for m > 0, independently of the values of b > 0 and c*, that
F(m,b,c*)/G(m,b) > 1, where

SR | b [« a P N R
F(m,b,c)—Qsmb (W {EE]wL(lJrc)ar ﬂ —25111{2},

and G(m,b) = 2m+1 {% - QT} Here 0,,, = 2m+1 {% — #] + (1 + c¢*)ar

By the geometry of the construction, the angle 6, satisfies 0 < 6, < 5 2m~
(In fact, as in the proof of Theorem 4.2, the geometry provides a more precise
positive lower bound of ar™.) For u € (O7 122) = (0, T 55), it is elementary
that sinu > %msin(%%) -u. As in the proof of Theorem 4.2, the last

inequality below uses the fact that for v > 0 we have sinu > u — g—?, so that
sinu
u

c*ZOandb§2

« _ .
>1— % We also write r™ = (2%,1) , where a = lr11112T > 1. Thus, since

F(m,b,¢")/G(m,b)

= 2sn B (2mb+1 E 1 —aQr] +(1+C*)arm>} / <2m_b+1 [g - 1%27‘})
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> gin |2 [F__@ |je L), b m _a
- om+2 |9 1 —2p 2 2ma oam+2 (91— 2r
o 4.2msin Ei b T a +g 1 / b T a
T 4 2m oam+2 (9 1 -—2r 2 2ma 2m+2 192 1 -—2r
A (may e
o s 4 2m b [E_L} Qm(afl)
2 I-2r
2 a—1

1 /71 a 1
> |1-—=( == Sl =
- [ 6(427”)] +{1_ a}(2m>

2 I-2r

Let x = 2% The previous expression then becomes

Now substitute r = 1 and a = (% — v/2). Then (+*) becomes g(z)

2\2

2 . s
{1 - g—GLEQ} : {1 + %(% - \/5)1’] For z > 0 it follows that ¢"(z) = —I5 —

T \/5)33 < 0, so g(x) is concave down there. Note that below we freely
use as needed the common approximations 3.1 < 3.14 < 7 < 3.15 < 3.2 and

7r21(7r

322
1.4 < /2 < 1.415. Since ¢(0) = 1 and

q(%) - {1—4?26]-[1+$(g—\/§)]

15)2 1 14 1
{1 _ 315 } : {1—&- — (—3 - 1.415)] _ JB006%BL

4-96 4.1.415 2

then g(x) > 1 for x € (0, 3], corresponding to m = 1,2, .... However,

2

m 1 T
) = [1-=| -|1+— (= -2
= o) [ G2
(3.1)2 1 3.2 8639
1— Ml ——=—-14)|==—<1
{ 9% oA\ 8960
So for the case x = 1, corresponding to m = 0, we use directly

¥+(1+C*)i(g—x/§)]/<¥>-

F(0,b,¢*)/G(0,b) = sin

"~ 57958400 ’

)
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Note that by definition b < 2 (1 — 2%) < 2-limg_eo (1 — 2%) = 2, and since

r =  here, by definition ¢* < 25-(1—(2r)F) = 1—3F <limp—oo (1 — 55) = 1.

Thus, b = 2 if and only if ¢* = 1. By Lemma 4.5, since 0 < b < 2 implies
b\/2 2 _ 1 1 _ 100 196 _ 3 1 T .

O<J4£§32£—7§<m—m<m———ﬁ<§—.1,and50

2
0=1G-3) < P+1+I(F-VD) < F- 12414 = F-1h1 =,
we have that sin {bﬁl@ +(1+c)i(E - \/5)} / (54@) is strictly decreasing here
as a function of b. So,

F(0,b,¢")/G(0,b)

sin

b\/§ o lym b\/§
22 1/ 22
= +(1+1)Z(2\/§)]/<—4>

V/2sin [%} =1.

Y

sin

Therefore for all m = 0, 1,2, ..., it follows that F'(m, b, c*)/G(m,b) > 1. Hence,
d— = (x) >0, so that d(p1,p2) > B(p1,p2), as desired. Thus, the particular

s

set Py /o) ((/2)—/3),1/4 18 1-straight and Hl(P(l/Q)[(w/Q)fﬂ],1/4) =Z-25(3-
V2)=v2= 1Pt /2)((r/2)— /20,1 /4 L

Using the result of Theorem 4.6, we construct a 1-straight 1-set E contained
in the unit circle, which is maximal in the sense that H!(E) =2 = |E|.

Example 4.7 Let C; = {(z,y) € R* | z,y > 0 and 2> + y*> = 1} and
Cy = {(z,y) € R? | 2,9 < 0 and 2® +y* = 1}. Let P, C C} be the perfect
1-straight 1-set constructed as in Theorem 4.6, for which H'(Py) = 1 and
|Pi| = V2. Let Py, C Cy be a congruent copy of Py, symmetric to Py with
respect to the origin (0,0), for which H'(Py) = 1 and |Py| = /2. Then
E = PiUP; is a 1-straight 1-set contained in the unit circle, which is mazimal
in the sense that H'(E) = 2 = |E|.

Proof. By construction it is immediate that H'(E) = 2 = |E|. The set
E = P, UP; will be 1-straight if for each H'-measurable A C FE it follows that
H(A) < |A|. If A is a subset of either perfect 1-straight 1-set Py, P2, then A
is 1-straight. Suppose A = A1 U Ay, with A; C P} and Ay C P,. It is clear by
the geometry that |A| > /2 = d((1,0), (0, —1)) = d((—1,0), (0,1)), where the
notation (a,b) indicates a point in R*. So, if H*(A) < v/2, then H'(A) < |A|.
Therefore, suppose that H'(A) = H'(A;) + H'(A3) > /2. Then at least
one of Ay, Ay, say Ay, satisfies H'(A1) > 1v/2. Since H'(4;) < 1, it is also
necessary that H'(Ap) > v/2 — 1. Let A/Q C P, be a congruent copy of As,
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symmetric to Ay with respect to the origin (0,0). So also H'(4y) > V2 —1,
and A; UA,2 C Py. A pair of diametrically opposite points of A will correspond
to a single point in the intersection A; N Alz. In fact it is not possible that
Ay N A, = 0 because HY(A; N Ay) = 0 yields the contradiction

1 = HYP)>HY(A UAY) =H'(4) +H (Ay)
> %\/5+\/§—1>g(1.4)—1=1.1.

So A contains a pair of diametrically opposite points, and since the diameter
of the unit circle is 2,

HY(A) = H' (A1) + H' (A2) < H'(P) +HU (P) =2 =|A]
Thus, H'(A) < |A| for arbitrary A C E. Hence, E = Py U P, is 1-straight. T

Example 4.8 finishes the proof of Theorem 2.11, showing why the converse
implications (4ii) = (i) and (ii4) = (44) both fail in general. Note that by
Theorem 3.15, such an example cannot be constructed using two line segments.

Example 4.8 There exist 1-straight 1-sets Ey, Fs C R? such that E = E{UE,
s 1-straight, but E1, Fs are neither 1-separated nor 1-aligned.

Proof. Let E; = P; and Ey = P, where P;, P, are the subsets of the unit
circle described in Example 4.7. So, |E| = |[PLUP,| =2 and |Py| = |Ps| = V2.
By Example 4.7, the union F = PyUP, is 1-straight. By Definition 2.9, the sets
Py, Py are not 1-separated because d(Py, Py) = V2 <22 = |Pi| + | Ps|. By
Definition 2.10, the sets Py, P> are not 1-aligned because, choosing the bounded
subset A=FE = P, UP,, we have |A| = |[PyUP;| =2<2V2=|P|+ |P|. T
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